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Abstract
We give an infinite number of exact solutions to the 5-dimensional static Ein-
stein equation with axial symmetry by using the inverse scattering method.
The solutions are characterized by two integers representing the soliton num-
bers. The first non trivial example of these solutions is the static black ring
solution found recently.
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In recent years interest in higher dimensional Einstein equation has in-
creased. Especially 5-dimensional black ring solution discovered by Ema-
paraton and Reall[1, 2, 3] attracts considerable attention. In contrast to
the 4-dimensional black hole case, 5-dimensional Einstein equations allow for
more topologies besides S3. The black ring solution, which has a regular
event horizon characterized by S2 × S1, is one of the interesting examples.
The stationary black ring solution supported by the angular momentum is
solved under the stationary and axi-symmetric conditions, while the static
solution has a conical singularity.
In the 4-dimensional case, most of the well known exact solutions to
the Einstein equation can be constructed as soliton solutions. The Einstein
equations with some symmetries fall into completely integrable systems and
so they have an infinite number of exact solutions. Most of the well known
solutions are derived as the 2-soliton solutions in the series of multi-soliton
solutions. The Kerr solution was first studied by using the inverse scattering
technique in [4]. We have studied the multi-Weyl solutions including the
Schwartzschild solution in [5], the solutions to the Einstein equation with a
scalar field in [6], multi-charged Weyl solution including the multi-Reissner
Nordstro¨m solution in [7] and the dilaton black hole solutions with electric
charge in [8]. These examples show that the inverse scattering is a powerful
tool to study the Einstein equations in 4 dimension, and it is interesting to
ask if we can also study the 5-dimensional Einstetin equations.
We also studied the Kaluza-Klein type solution[9, 10, 11], where the extra-
dimensions are assumed to be compactified like as tori. However, in this
paper we do not distinguish the inner and the outer spaces and we do not
impose such compactification conditions for extra dimensions. We study the
5-dimensional Einstein equations by use of the inverse scattering method.
In order to solve the static vacuum solutions to the 5-dimensional Einstein
equation we impose the axial symmetry and use the canonical variables ρ
and z. Though there can be some possible topologies in 5-dimensional case,
we would like to find intriguing solutions including static ring solution as the
first non-trivial solution.
We first derive the Einstein equations one of which has a matrix form.
By assuming the static and axially symmetric conditions, we obtain general
soliton solutions which are characterized by two soliton numbers and so we
call it (m,n)-soliton solution using two integersm and n. We then analyse the
first few examples for smaller m and n and show that (0, 2)-soliton solution is
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identical to the static ring solution using the axial symmetric variables ρ and
z. In the remaining we discuss the characters of the 5-dimensional black hole
solutions, which might have more event horizons than two and may break
the no hair theorem.
The metric is assumed to be given by
ds2 = f(dρ2 + dz2) + gabdx
adxb, (1)
where f and gab are functions of ρ and z and the suffices a and b of gab run
over, 0, 1, 2. In the following we express the 3×3 matrix by g. The Einstein
equations in the above metric read(
ρg,ρ g
−1
)
,ρ+
(
ρg,z g
−1
)
,z = 0, (2)
(ln f),ρ= −1
ρ
+
1
4ρ
Tr(U2 − V 2), (3)
(ln f),z =
1
2ρ
Tr(UV ), (4)
where g,ρ represents the partial derivative of g with respect to the variable
ρ, and U and V are 3× 3 matrices defined by
U = ρg,ρ g
−1, V = ρg,z g
−1. (5)
In the 4-dimensional case, the matrix equation (2) has a 2×2 matrix form. In
the higher dimensional Einstein equations it becomes a larger matrix form. In
the study of the Kaluza-Klein general relativity[10], the matrix has a block-
diagonal form composed of 2×2 and N ×Nmatrices where N represents the
dimension of the extra space. The matrix form equation is also derived in
the recent paper [12]. For the 5-dimensional case, it is the 3×3 matrix form.
We assume the static condition in the present paper, and it implies that the
matrix g is a diagonal matrix. Noting that the matrix g should satisfy the
condition
detg = −ρ2, (6)
we define the matrix g by
g = diag
(
−h−11 h−12 ,
(√
ρ2 + z2 − z
)
h1,
(√
ρ2 + z2 + z
)
h2
)
, (7)
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where h1, h2 are the functions of ρ and z. The metric is explicitly written as
ds2 = −h−11 h−12 dt2 +
(√
ρ2 + z2 − z
)
h1dx
2
1 +
(√
ρ2 + z2 + z
)
h2dx
2
2
+ f(dρ2 + dz2). (8)
The matrix equation (2) is rewritten to the equations for hi, (i = 1, 2) as
(ρ(ln hi),ρ ) ,ρ+ (ρ(ln hi),z ) ,z = 0. (i = 1, 2) (9)
In order to solve these equations, we first solve (9) to obtain g, and then
construct U and V . By substituting the results to RHS of the above Einstein
equations for f , we integrate them to obtain f . It has been known that the
equation for g is the zero-curvature equation[4] just like that for the soliton
equations. This is the reason why we call the solutions soliton solutions. In
contrast to the 4-dimensional case, there are two soliton equations as in (9).
Since each of them has the soliton solutions, we can specify the solution by
their soliton integer numbers m and n. We shall call them (m,n)-soliton
solution, which is explicitly given by
h1 = ρ
−m
m∏
k=1
(iµk), (10)
h2 = ρ
−n
n∏
l=1
(iµ˜l). (11)
Here µk and µ˜l are called the poles given by
µk = wk − z ±
√
ρ2 + (wk − z)2, (12)
µ˜k = w˜k − z ±
√
ρ2 + (w˜k − z)2, (13)
where wk and w˜l are arbitrary constants. They can be either real or com-
plex. Here we restrict ourselves to real poles. We suppress the deformation
parameter here, because we are now interested in a series related to the static
black ring solutions. By substituting (m,n)-soliton solution to U and V , we
integrate the above Einstein equations for f to obtain
f = Cmn
ρ
m
2+n2−m−n+mn
2√
ρ2 + z2
∣∣∣∣∣
√
ρ2 + z2 − z√
ρ2 + z2 + z
∣∣∣∣∣
n−m
4
(
m∏
k=1
µk
)
−m−n
2
+2 ( n∏
l=1
µ˜k
)
−n−m
2
+2
4
×
m∏
k=1
(√
ρ2 + z2 − z − µk
) n∏
l=1
(√
ρ2 + z2 + z + µ˜l
)
×
∏
k>l (µk − µl)2
∏
k>l (µ˜k − µ˜l)2
∏
k
∏
l (µk − µ˜l)∏m
k=1 (µ
2
k + ρ
2)
∏n
l=1 (µ˜
2
l + ρ
2)
, (14)
where Cmn is a constant to be determined by the asymptotic flat condition.
We first consider the (0, 0)-soliton solution, which is the flat solution. In
this case, the metric components h1, h2 and f are given by
h1 = h2 = 1, (15)
f =
1
2
√
ρ2 + z2
, (16)
where we have set C00 = 1/2 in (14). We introduce the coordinates r and θ
by
ρ =
1
2
r2 sin 2θ, (17)
z =
1
2
r2 cos 2θ. (18)
We then notice that
f =
1
r2
, (19)
dρ2 + dz2 = r2(dr2 + r2dθ2). (20)
Then, by writing the coordinates as x1 = φ and x2 = ψ, we obtain the flat
metric
ds2 = −dt2 + r2 sin2 θdφ2 + r2 cos2 θdψ2 + dr2 + r2dθ2. (21)
Next we discuss the (0, 2)-soliton solution, which is given by
h1 = 1, (22)
h2 = − µ˜1µ˜2
ρ2
, (23)
f = C02
√
ρ2 + z2 − z√
ρ2 + z2
(µ˜2 − µ˜1)2
×
(√
ρ2 + z2 + z + µ˜1
) (√
ρ2 + z2 + z + µ˜2
)
(µ˜21 + ρ
2) (µ˜22 + ρ
2)
. (24)
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We choose the minus sign for µ˜1 and the plus sign for µ˜2 and set w˜1 = z0−σ
and w˜2 = z0 + σ without loss of generality
µ˜1 = z0 − σ − z −
√
ρ2 + (z + z0 + σ)2, (25)
µ˜2 = z0 + σ − z +
√
ρ2 + (z − z0 − σ)2. (26)
Since we can always shift the origin in the z axis, we are allowed to transform
z → z + z0 in the metric. In addition to the transformed µ˜i, (i = 1, 2), we
also define µ˜3 and their conjugates by
µ˜1 = −σ − z −R1, (27)
µ˜∗1 = −σ − z +R1, (28)
µ˜2 = σ − z +R2, (29)
µ˜∗2 = σ − z − R2, (30)
µ˜3 = −z0 − z − R3, (31)
µ˜∗3 = −z0 − z +R3, (32)
where Ri are given by
R1 =
√
ρ2 + (z + σ)2, (33)
R2 =
√
ρ2 + (z − σ)2, (34)
R3 =
√
ρ2 + (z + z0)2. (35)
They satisfy µ˜iµ˜
∗
i = −ρ2 for i=1, 2, 3. The nonzero metric components gab
and f are given by
g00 = − µ˜
∗
1
µ˜2
= −−σ − z +R1
σ − z +R2 , (36)
g11 = µ˜
∗
3 = −z0 − z +R3, (37)
g22 =
µ˜3µ˜2
µ˜∗1
=
(−z0 − z −R3)(σ − z +R2)
−σ − z +R1 , (38)
f = C02
µ˜∗3 (µ˜2 − µ˜1)2 (−µ˜3 + µ˜1) (−µ˜3 + µ˜2)
R3 (µ˜
2
1 + ρ
2) (µ˜22 + ρ
2)
. (39)
We shall rewrite f in order to compare the known solution. Using that
µ˜21 + ρ
2 = −2µ˜1R1, (40)
µ˜22 + ρ
2 = 2µ˜2R2, (41)
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and the quadratic relations satisfied by µ˜is and µ˜
∗
i s
µ2i − 2(wi − z)µi − ρ2 = 0, (42)
we can rewrite f as
f = −C02z0
2
(R1 +R2 + 2σ)
(
(1 + σ
z0
)R1 + (1− σz0 )R2 − 2 σz0R3
)
R1R2R3
. (43)
This is identical to the result in [12].
We shall derive the 5-dimensional Schwarzshild solution as a special case
of the static black ring solutions. In the above solution, the parameters z0
and σ are independent. But now we assume the relation z0 = −σ between
them. Then R3 = R2, and so f is simplified as
f = 2C02σ
R1 +R2 + 2σ
R1R2
. (44)
By introducing r and θ by
ρ =
1
2
(
1− 4σ
r2
) 1
2
r2 sin 2θ, (45)
z =
1
2
(
1− 2σ
r2
)
r2 cos 2θ, (46)
Ri are written as
R1 =
r2
2
− 2σ sin2 θ, (47)
R2 = R3 =
r2
2
− 2σ cos2 θ, (48)
and so µ˜i (i=1,2,3) and their conjugates are expressed as
µ˜1 = −r2 cos2 θ, (49)
µ˜∗1 = (r
2 − 4σ) sin2 θ, (50)
µ˜2 = µ˜
∗
3 = r
2 sin2 θ, (51)
µ˜∗2 = µ˜3 = −(r2 − 4σ) cos2 θ. (52)
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Then gab and f are to be rewritten as
g00 = −
(
1− 4σ
r2
)
, (53)
g11 = r
2 sin2 θ, (54)
g00 = r
2 cos2 θ, (55)
f =
8C02σ
r2
(
1− 4σ
r2
+ 4σ
2 sin2 2θ
r2
) . (56)
We also note that
dρ2 + dz2 = r2
(
1− 4σ
r2
+
4σ2 sin2 2θ
r2
)((
1− 4σ
r2
)
−1
dr2 + r2dθ2
)
.
(57)
Setting the constant C02 =
1
8σ
, we obtain the 5-dimensional Schwartzshild
solution as a special case of the (0, 2)-soliton soliton solution:
ds2 = −(1 − 4σ
r2
)dt2 + (1− 4σ
r2
)−1dr2 + r2dθ2 + r2 sin2 θdφ2 + r2 cos2 θdψ2.(58)
We next consider the (2, 0)-soliton solution. The metric components h1,
h2 and f are given by
h1 = −µ1µ2
ρ2
, (59)
h2 = 1, (60)
f = C20
√
ρ2 + z2 + z√
ρ2 + z2
(µ2 − µ1)2 (61)
×
(√
ρ2 + z2 − z − µ1
) (√
ρ2 + z2 − z − µ2
)
(µ21 + ρ
2) (µ22 + ρ
2)
. (62)
Here we choose the minus sign for µ1 and the plus sign for µ2 and set w1 =
z0 − σ and w2 = z0 + σ as in the previous assignments for µ˜1 and µ˜2
µ1 = z0 − σ − z −
√
ρ2 + (z − z0 + σ)2, (63)
µ2 = z0 + σ − z +
√
ρ2 + (z − z0 − σ)2. (64)
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We may translate in the z direction z → z + z0 as before. Because of the
slight difference from the (0, 2)-soliton case in g11 and g22 as well as in f , the
solution seems to be different from the (0, 2)-soliton solution. However, in
the special case that z0 = σ, we obtain the same 5-dimensional Schwarzschild
metric by expressing the metric in terms of r and θ defined in (45) and (46).
We have used the canonical coordinates ρ and z in solving the 5-dimensional
Einstein equations, which have been extensively used in the study of the 4-
dimensional solutions in the previous works. These can be found for the
Kerr solution in [4], the multi-Weyl solutions including the Schwartzschild
solution in [5], the solutions to the Einstein equation with a scalar field in
[6], multi-charged Weyl solution including the multi-Reissner Nordstro¨m so-
lution in [7] and the dilaton black hole solutions with electric charge in [8].
In these papers, the zeros of ρ are either the positions of the horizons or
the singularities of the black hole solution. This is related to the fact that
detg = −ρ2. We have to note that the inverse is not always the case since
detg is composed of the products of the metric components and so the zeros
might be cancelled in the products. We shall list them up in the below.
In the case of the Kerr solution, the transformation of the canonical vari-
ables ρ and z to the spherical coordinates r and θ is given by[4]
ρ =
√
(r −m)2 − σ2 sin θ. (65)
Here σ is given by
σ2 = m2 − a2, (66)
where m is the mass of the black hole and a is the angular momentum per
unit mass. The zeros of ρ at r = m±√m2 − a2 correspond to the inner and
outer horizons of the Kerr black hole solution. In the a = 0 case, we obtain
the Schwartzschild solution which is also obtained by setting the distortion
parameter to be identity in the Weyl solution. In this case the above relation
reduces to
ρ =
√
(r − 2m)r sin θ. (67)
The zeros of ρ in this case correspond to the horizon at r = 2m and the
singularity at r = 0.
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In the Reisner-Nordstro¨m solution, the metric component g00 is given by
g00 = 1− 2m
r
+
e2
r2
, (68)
where m is the mass and e is the electric charge. The solution can be also
regarded as the 2-soliton solution of an infinite series of soliton solutions ob-
tained by the inverse scattering method by adopting the axially symmetric
coordinates ρ and z[7]. We change the coordinates to the spherical coordi-
nates r and θ, and the variable ρ is expressed as
ρ =
√
(r −m)2 − d2 sin θ, (69)
with
d2 = m2 − e2. (70)
The zeros of ρ are at r = m±√m2 − e2, which are the positions of the inner
and the outer horizons as is also seen from (68).
In the dilaton black hole solution[13], the metric is given by
ds2 = −(1 − 2M
r
)dt2 + (1− 2M
r
)−1dr2 + r(r + 2Σ)dΩ2, (71)
whereM is the mass of the black hole and Σ is the dilaton charge. In order to
prevent the area measured at some r from vanishing and so getting singular
as r → −2Σ, the mass and the dilaton charge should satisfy the condition
M > −Σ. (72)
We can derive an infinite number of solutions including the above solution
by the inverse scattering method. We use the spherical coordinates r and θ
from z and ρ to derive the above metric. The variable ρ is related to them
by
ρ =
√
(r − 2M)(r + 2Σ) sin θ. (73)
This shows that the zeros of ρ are the horizon at r = 2M and the singularity
at r = −2Σ.
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These examples in 4 dimensions show that the zeros of ρ2 obtained by
solving the quadratic equation of the spherical coordinates r are either the
horizons or singularities. Consider the general quadratic equation given by
r2 + c1r + c0 = 0, (74)
where the coefficients c0 and c1 are some constants. In order that the
quadratic equation have two positive roots, the necessary condition is that
both c0 and c1 should not be nonzero, in which two constants correspond to
two charges of black holes. When c0 = 0 and c1 6= 0, the roots are r = 0 and
r = −c1. Here the nonzero constant corresponds to only hair or the mass
of the black hole. This shows that we see the number of horizons and the
charges from that of the roots of the quadratic equation.
Also in the 5-dimensional case, we use the canonical coordinates ρ and z,
but they are different from the 4-dimensional case. While ρ has the dimension
of length in 4-dimensional case, it has the dimension of (length)2 in the 5-
dimensional case. The variable ρ is related to the spherical coordinates r and
θ as in Eqs.(17) and (45). The zeros of ρ2 is obtained by solving the quartic
equation in contrast to the quadratic equations in the 4-dimensional case
r4 + c3r
3 + c2r
2 + c1r + c0 = 0. (75)
In the analogous discussion to the 4-dimensional case, this quartic equation
seems to suggest that the 5-dimensional black holes might have maximally
four event horizons and four charges. In the vacuum case, the black hole can
have only mass parameter, which is the result from c2 6= 0 while c3 = c1 =
c0 = 0. More constants would become nonzero and give rise more roots to the
quartic equation if the stationary black hole solutions of nonvacuum Einstein
equations with some fields using the canonical variables are obtained. We
may incorporate the fields like the electro-magnetic fields, three-form field
strength and the dilaton fields to solve the Einstein equations, and then we
would have nonzero coefficients in the quartic equation. The black holes with
those charges would show different features from the 4-dimensional case.
In this paper we obtain an infinite number of soliton solutions to the
5-dimensional vacuum Einstein equation by assuming the static and axially
symmetric conditions, which is compactly expressed in terms poles. The
solution is characterized by two soliton numbers, and the first non-trivial
solution is the static black ring solution found recently. We can also apply
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the inverse scattering method to the stationary case, where we may find the
singularity-free black hole solutions and so the study of the multi-soliton
solutions would be more interesting. It may have precedence over studying
the static case. It is also interesting to study the non-vacuum case by using
the canonical variables, where we might find more event horizons than two
and the more charges than three in contrast to the 4-dimensional black holes.
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